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Abstract
The history of linear differential equations is over 350 years. By using Frobenius method and
putting the power series expansion into linear differential equations, the recursive relation of
coefficients starts to appear. There can be between two and infinity number of coefficients in the
recurrence relation in the power series expansion. During this period mathematicians developed
analytic solutions of only two term recursion relation in closed forms. Currently the analytic
solution of three term recurrence relation is unknown. In this paper I will generalize the three
term recurrence relation in the linear differential equation. This paper is 2nd out of 10 in series
“Special functions and three term recurrence formula (3TRF).” The next paper in series deals
with the power series expansion in closed forms of Heun function [13]. The rest of the papers
in the series show how to solve mathematical equations having three term recursion relations
and go on producing the exact solutions of some of the well known special functions including:
Mathieu, Heun, Biconfluent Heun and Lame equations. See section 7 for all the papers and short
descriptions in the series.
Keywords: Three-term recurrence relation; Linear ordinary differential equation; Polynomial;
Infinite series
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1. Introduction
Mathieu functions[6], is an example of three term recurrence relation appears in physi-
cal problems involving elliptical shapes[7] or periodic potentials, were introduced by Mathieu
(1868)[2] when he investigated the vibrating elliptical drumhead.
Mathieu function has been described using numerical approximations (Whittaker 1914[3],
Frenkel and Portugal 2001[1]). Whittaker tried to obtain the analytic solution of Mathieu equa-
tion using Floquet’s theorem and he reached the conclusion using three term recursive relation.
He did not represent the solution of Mathieu equation in closed forms because of its three term
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recursive coefficients. He argued that “While the general character of the solution from the func-
tion theory point of view is thus known, its [Mathieu] actual analytical determination presents
great difficulties. The chief impediment is that the constant µ (the Mathieu exponent) cannot
readily be found in terms of a and q.”[3]: a and q (see (1) in Ref.[3]) are corresponding to λ and
− 18 q (see (1) in Ref.[15]). In my opinion, Mathieu functions are difficult to represent in analytic
closed forms and in its integral forms because of the three recursive coefficients.
Heun function, is an example of three term recurrence relation, generalizes all well-known
special functions such as: Spheroidal Wave, Lame, Mathieu, and hypergeometric 2F1, 1F1 and
0F1 functions. The Heun equation has four kinds of confluent forms such as Confluent Heun,
Doubly-Confluent Heun, Biconfluent Heun and Triconfluent Heun equations. Mathieu equation
is the special case of Confluent Heun equation.
According to Hortacsu, ‘Heun differential equation[8, 9] starts to appear in astronomy or in
general relativity[10] inevitably. Heun equation is a general equation of all well-known special
functions; Mathieu, Lame and Coulomb spheroidal equations. The power series expansion on
Heun function can not be described as two term recursion relation any more. The coefficients in
a power series expansions of Heun equation have a recursive relation between a 3-term.’[5]
For the past 350 years, we only have constructed the power series expansion in closed forms
using the two term recurrence relation in linear differential equation. However, “since 1930, we
do not have simple problems to solve in theoretical particle physics and scientists and mathe-
maticians doing research on this field have to tackle more difficult problems, either with more
difficult metrics or in higher dimensions. Most of the difficult problems must include three term
or more” (Hortacsu 2011 [5]).
In this paper I will construct three term recurrence relation in the form of power series expan-
sion for the cases of polynomial and infinite series. In the following papers (see section 7) using
the method described in this paper I will show how to obtain exact solution (1) in the power series
expansion, (2) in the integral formalism and (3) in the generating function of any linear ordinary
differential equations having three term recurrence relation. Using the method described in this
paper one might be able to obtain exact solutions of higher term recurrence formula; four, five,
· · · , mth, ∞ term recurrence formulas. If this is possible, then one would be able to generalize all
homogeneous and inhomogeneous linear differential equations.
Most problems in nature turns out to be nonlinear. For simplification purposes we usually
try to linearize these nonlinear system. The systems are linearized using certain methods of sim-
plification resulting in better approximation of physical systems. All physics theories (E & M,
Newtonian mechanics, quantum mechanic, QCD, supersymmetric field theories, string theories,
general relativity, etc), generally involve solutions of linear differential equations. Unfortunately
in some instances there are no analytic solutions to these physical systems. Hopefully the meth-
ods and procedures described in these papers (see section 7) will help obtain better analytic
solutions to linearized nonlinear systems.
2. Lame equation, Frobenius method and three term recurrence relation
There are no exact solutions in closed forms for second order (or higher order) ordinary
linear differential equations consisting of three term recurrence relation: some of the examples
are Lame function, the generalized Lame function, Heun’s equation, GCH function[4], Mathieu
function, etc. Two term recurrence relation are solvable. Some examples are: Legendre function,
hypergeometric function, Kummer function, Bessel function, etc. Let’s think about an example
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which has no analytic solution in closed forms in detail.
d2y
dt2 +
1
2
(
1
t − a
+
1
t − b +
1
t − c
)
dy
dt −
α(α + 1)t + β
t(t − a)(t − b)(t − c)y = 0 (2.1)
(2.1) is Lame differential equation. If α is not positive integer, the solution of it is called as the
generalized Lame function. Replace t by x+ a in (2.1). By using the function y(x) as Frobenious
series in it,
y(x) =
∞∑
n=0
cn(t − a)n+λ =
∞∑
n=0
cnx
n+λ (2.2)
λ is an indicial root. Plug (2.2) in (2.1). And its recurrence relation is
cn+1 = An cn + Bn cn−1 ; n ≥ 1 (2.3)
where,
Kn = An +
Bn
Kn−1
; n ≥ 1 (2.4a)
Kn =
cn+1
cn
Kn−1 =
cn
cn−1
(2.4b)
An =
{α(α + 1)a + β} − 22(2a − b − c)(n + λ)2
22(a − b)(a − c)(n + λ + 1)(n + λ + 12 )
(2.4c)
Bn =
{α + 2(n + λ) − 1}{α − 2(n + λ) + 2}
22(a − b)(a − c)(n + λ + 1)(n + λ + 12 )
(2.4d)
All other differential equations having no analytic solution in closed forms can be described as
in (2.3). If I get a formula of (2.3) type, I can apply it to all other functions having no analytic
solution in closed forms to diverse areas such as Lame function, generalized Lame function,
Mathieu function, Heun function, GCH function[4], etc.
3. Infinite series
Assume that
c1 = A0 c0 (3.1)
(3.1) is a necessary boundary condition. The three term recurrence relation in all differential
equations having no analytic solution in closed forms follow (3.1).
ai−1∏
n=ai
Bn = 1 where ai is positive integer including 0 (3.2)
(3.2) is also a necessary condition. Every differential equations having no analytic solution in
closed forms also take satisfied with (3.2).
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My definition of Bi, j,k,l refer to BiB jBkBl. Also, Ai, j,k,l refer to AiA jAkAl. For n = 0, 1, 2, 3, · · · ,
(2.3) gives
c0
c1 = A0c0
c2 = (B1 + A0,1)c0
c3 = (A0B2 + A2B1 + A0,1,2)c0
c4 = (B1,3 + A0,1B3 + A0,3B2 + A2,3B1 + A0,1,2,3)c0
c5 = (A0B2,4 + A2B1,4 + A4B1,3 + A0,1,2B4 + A0,1,4B3 + A0,3,4B2 + A2,3,4B1 + A0,1,2,3,4)c0
c6 = (B1,3,5 + A0,1B3,5 + A0,3B2,5 + A0,5B2,4 + A2,3B1,5 + A2,5B1,4 + A4,5B1,3
+A0,1,2,3B5 + A0,1,2,5B4 + A0,1,4,5B3 + A0,3,4,5B2 + A2,3,4,5B1 + A0,1,2,3,4,5)c0
c7 = (A0B2,4,6 + A2B1,4,6 + A4B1,3,6 + A6B1,3,5 + A0,1,2B4,6 + A0,1,4B3,6 + A0,1,6B3,5 + A0,3,4B2,6
+A0,3,6B2,5 + A0,5,6B2,4 + A2,3,4B1,6 + A2,3,6B1,5 + A2,5,6B1,4 + A4,5,6B1,3
+A0,1,2,3,4B6 + A2,3,4,5,6B1 + A0,3,4,5,6B2 + A0,1,4,5,6B3 + A0,1,2,5,6B4 + A0,1,2,3,6B5 + A0,1,2,3,4,5,6)c0
c8 = (B1,3,5,7 + A0,1B3,5,7 + A0,3B2,5,7 + A0,5B2,4,7 + A0,7B2,4,6 + A2,3B1,5,7 + A2,5B1,4,7 + A2,7B1,4,6
+A4,5B1,3,7 + A4,7B1,3,6 + A6,7B1,3,5 + A0,1,2,3B5,7 + A0,1,2,5B4,7 + A0,1,2,7B4,6 + A0,1,4,5B3,7
+A0,1,4,7B3,6 + A0,1,6,7B3,5 + A0,3,4,5B2,7 + A0,3,4,7B2,6 + A0,3,6,7B2,5 + A0,5,6,7B2,4 + A2,3,4,5B1,7
+A2,3,4,7B1,6 + A2,3,6,7B1,5 + A2,5,6,7B1,4 + A4,5,6,7B1,3 + A0,1,2,3,4,5B7 + A0,1,2,3,4,7B6
+A0,1,2,3,6,7B5 + A0,1,2,5,6,7B4 + A0,1,4,5,6,7B3 + A0,3,4,5,6,7B2 + A2,3,4,5,6,7B1 + A0,1,2,3,4,5,6,7)c0
...
...
(3.3)
In (3.3) the number of individual sequence cn follows Fibonacci sequence: 1,1,2,3,5,8,13,21,34,55,· · · .
The sequence cn consists of combinations An and Bn in (3.3). First observe the term inside paren-
theses of sequence cn which does not include any An’s: cn with even index (c0, c2, c4,· · · ).
(a) Zero term of An’s
c0
c2 = B1c0
c4 = B1,3c0
c6 = B1,3,5c0
c8 = B1,3,5,7c0
...
...
(3.4)
When a function y(x), analytic at x = 0, is expanded in a power series, we write
y(x) =
∞∑
n=0
cnx
n+λ
=
∞∑
m=0
ym(x) = y0(x) + y1(x) + y2(x) + · · · (3.5)
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where
ym(x) =
∞∑
l=0
cml x
l+λ (3.6)
λ is the indicial root. ym(x) is sub-power series that have sequence cn including m term of An’s
in (3.3). For example y0(x) has sequences cn including zero term of An’s in (3.3), y1(x) has
sequences cn including one term of An’s in (3.3), y2(x) has sequences cn including two term of
An’s in (3.3), etc. Substitute (3.4) in (3.6) putting m = 0.
y0(x) = c0
∞∑
n=0

n−1∏
i0=0
B2i0+1
 x2n+λ (3.7)
Observe the terms inside parentheses of sequence cn which include one term of An’s in (3.3):
cn with odd index (c1, c3, c5,· · · ).
(b) One term of An’s
c1 = A0c0
c3 =
{
A0
(
B2
1
)
1 + A2
(
B2
B2
)
B1
}
c0
c5 =
{
A0
( B2,4
1
)
1 + A2
( B2,4
B2
)
B1 + A4
( B2,4
B2,4
)
B1,3
}
c0
c7 =
{
A0
( B2,4,6
1
)
1 + A2
( B2,4,6
B2
)
B1 + A4
( B2,4,6
B2,4
)
B1,3 + A6
( B2,4,6
B2,4,6
)
B1,3,5
}
c0
c9 =
{
A0
( B2,4,6,8
1
)
1 + A2
( B2,4,6,8
B2
)
B1 + A4
( B2,4,6,8
B2,4
)
B1,3 + A6
( B2,4,6,8
B2,4,6
)
B1,3,5
+A8
( B2,4,6,8
B2,4,6,8
)
B1,3,5,7
}
c0
c11 =
{
A0
( B2,4,6,8,10
1
)
1 + A2
( B2,4,6,8,10
B2
)
B1 + A4
( B2,4,6,8,10
B2,4
)
B1,3 + A6
( B2,4,6,8,10
B2,4,6
)
B1,3,5
+A8
( B2,4,6,8,10
B2,4,6,8
)
B1,3,5,7 + A10
( B2,4,6,8,10
B2,4,6,8,10
)
B1,3,5,7,9
}
c0
...
...
(3.8)
(3.8) is simply
c2n+1 = c0
n∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
n−1∏
i2=i0
B2i2+2
 (3.9)
Substitute (3.9) in (3.6) putting m = 1.
y1(x) = c0
∞∑
n=0

n∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
n−1∏
i2=i0
B2i2+2

 x2n+1+λ (3.10)
Observe the terms inside parentheses of sequence cn which include two terms of An’s in (3.3): cn
with even index (c2, c4, c6,· · · ).
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(c) Two terms of An’s
c2 = A0,1c0
c4 =
{
A0
{
A1
(
1
1
) ( B1,3
B1
)
1 + A3
(
B2
1
) ( B1,3
B1,3
)
1
}
+ A2
{
A3
(
B2
B2
) ( B1,3
B1,3
)
B1
} }
c0
c6 =
{
A0
{
A1
(
1
1
) ( B1,3,5
B1
)
1 + A3
(
B2
1
) ( B1,3,5
B1,3
)
1 + A5
( B2,4
1
) ( B1,3,5
B1,3,5
)
1
}
+A2
{
A3
(
B2
B2
) ( B1,3,5
B1,3
)
B1 + A5
( B2,4
B2
) ( B1,3,5
B1,3,5
)
B1
}
+ A4
{
A5
( B2,4
B2,4
) ( B1,3,5
B1,3,5
)
B1,3
} }
c0
c8 =
{
A0
{
A1
(
1
1
) ( B1,3,5,7
B1
)
1 + A3
(
B2
1
) ( B1,3,5,7
B1,3
)
1 + A5
( B2,4
1
) ( B1,3,5,7
B1,3,5
)
1 + A7
( B2,4,6
1
) ( B1,3,5,7
B1,3,5,7
)
1
}
+A2
{
A3
(
B2
B2
) ( B1,3,5,7
B1,3
)
B1 + A5
( B2,4
B2
) ( B1,3,5,7
B1,3,5
)
B1 + A7
( B2,4,6
B2
) ( B1,3,5,7
B1,3,5,7
)
B1
}
+A4
{
A5
( B2,4
B2,4
) ( B1,3,5,7
B1,3,5
)
B1,3 + A7
( B2,4,6
B2,4
) ( B1,3,5,7
B1,3,5,7
)
B1,3
}
+A6
{
A7
( B2,4,6
B2,4,6
)( B1,3,5,7
B1,3,5,7
)
B1,3,5
} }
c0
...
...
(3.11)
(3.11) is simply
c2n+2 = c0
n∑
i0=0
A2i0
n∑
i1=i0
A2i1+1
i0−1∏
i2=0
B2i2+1
i1−1∏
i3=i0
B2i3+2
n−1∏
i4=i1
B2i4+3


= c0
n∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
n∑
i2=i0
A2i2+1
i2−1∏
i3=i0
B2i3+2
n−1∏
i4=i2
B2i4+3

 (3.12)
Substitute (3.12) in (3.6) putting m = 2.
y2(x) = c0
∞∑
n=0

n∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
n∑
i2=i0
A2i2+1
i2−1∏
i3=i0
B2i3+2
n−1∏
i4=i2
B2i4+3


 x2n+2+λ (3.13)
Observe the terms inside parentheses of sequence cn which include three terms of An’s in (3.3):
cn with odd index (c3, c5, c7,· · · ).
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(d) Three terms of An’s
c3 = A0,1,2 c0
c5 =
{
A0
{
A1
[
A2 · 1
(
1
1
) (
1
1
) (
B4
1
)
+ A4 · 1
(
1
1
) (
B3
1
) (
B4
B4
) ]
+A3A4 · 1
(
B2
1
) (
B3
B3
) (
B4
B4
) }
+ A2
{
A3
[
A4B1
(
B2
B2
) (
B3
B3
) (
B4
B4
) ]}}
c0
c7 =
{
A0
{
A1
[
A2 · 1
(
1
1
) (
1
1
) ( B4,6
1
)
+ A4 · 1
(
1
1
) (
B3
1
) ( B4,6
B4
)
+ A6 · 1
(
1
1
) ( B3,5
1
) ( B4,6
B4,6
) ]
+A3
[
A4 · 1
(
B2
1
) (
B3
B3
) ( B4,6
B4
)
+ A6 · 1
(
B2
1
) ( B3,5
B3
) ( B4,6
B4,6
) ]
+ A5
[
A6 · 1
( B2,4
1
) ( B3,5
B3,5
) ( B4,6
B4,6
) ]}
+A2
{
A3
[
A4B1
(
B2
B2
) (
B3
B3
) ( B4,6
B4
)
+ A6B1
(
B2
B2
) ( B3,5
B3
) ( B4,6
B4,6
) ]
+A5
[
A6B1
( B2,4
B2
) ( B3,5
B3,5
) ( B4,6
B4,6
) ]}
+ A4
{
A5
[
A6B1,3
( B2,4
B2,4
) ( B3,5
B3,5
) ( B4,6
B4,6
) ]}}
c0
c9 =
{
A0
{
A1
[
A2 · 1
(
1
1
) (
1
1
) ( B4,6,8
1
)
+ A4 · 1
(
1
1
) (
B3
1
) ( B4,6,8
B4
)
+ A6 · 1
(
1
1
) ( B3,5
1
) ( B4,6,8
B4,6
)
+ A8 · 1
(
1
1
) ( B3,5,7
1
) ( B4,6,8
B4,6,8
) ]
+A3
[
A4 · 1
(
B2
1
) (
B3
B3
) ( B4,6,8
B4
)
+ A6 · 1
(
B2
1
) ( B3,5
B3
) ( B4,6,8
B4,6
)
+ A8 · 1
(
B2
1
) ( B3,5,7
B3
) ( B4,6,8
B4,6,8
) ]
+A5
[
A6 · 1
( B2,4
1
) ( B3,5
B3,5
) ( B4,6,8
B4,6
)
+ A8 · 1
( B2,4
1
) ( B3,5,7
B3,5
) ( B4,6,8
B4,6,8
) ]
+ A7
[
A8 · 1
( B2,4,6
1
) ( B3,5,7
B3,5,7
) ( B4,6,8
B4,6,8
) ]}
+A2
{
A3
[
A4B1
(
B2
B2
) (
B3
B3
) ( B4,6,8
B4
)
+ A6B1
(
B2
B2
) ( B3,5
B3
) ( B4,6,8
B4,6
)
+ A8B1
(
B2
B2
) ( B3,5,7
B3
) ( B4,6,8
B4,6,8
) ]
+A5
[
A6B1
( B2,4
B2
) ( B3,5
B3,5
) ( B4,6,8
B4,6
)
+ A8B1
( B2,4
B2
) ( B3,5,7
B3,5
) ( B4,6,8
B4,6,8
) ]
+ A7
[
A8B1
( B2,4,6
B2
) ( B3,5,7
B3,5,7
) ( B4,6,8
B4,6,8
) ]}
+A4
{
A5
[
A6B1,3
( B2,4
B2,4
) ( B3,5
B3,5
) ( B4,6,8
B4,6
)
+ A8B1,3
( B2,4
B2,4
) ( B3,5,7
B3,5
) ( B4,6,8
B4,6,8
) ]
+A7
[
A8B1,3
( B2,4,6
B2,4
) ( B3,5,7
B3,5,7
) ( B4,6,8
B4,6,8
) ]}
+ A6
{
A7
[
A8B1,3,5
( B2,4,6
B2,4,6
) ( B3,5,7
B3,5,7
) ( B4,6,8
B4,6,8
) ]}}
c0
...
...
(3.14)
(3.14) is simply
c2n+3 = c0
n∑
i0=0
A2i0
n∑
i1=i0
A2i1+1
n∑
i2=i1
A2i2+2
i0−1∏
i3=0
B2i3+1
i1−1∏
i4=i0
B2i4+2
i2−1∏
i5=i1
B2i5+3
n−1∏
i6=i2
B2i6+4



= c0
n∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
n∑
i2=i0
A2i2+1
i2−1∏
i3=i0
B2i3+2
n∑
i4=i2
A2i4+2
i4−1∏
i5=i2
B2i5+3
n−1∏
i6=i4
B2i6+4


 (3.15)
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Substitute (3.15) in (3.6) putting m = 3.
y3(x) = c0
∞∑
n=0

n∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
n∑
i2=i0
A2i2+1
i2−1∏
i3=i0
B2i3+2
×
n∑
i4=i2
A2i4+2
i4−1∏
i5=i2
B2i5+3
n−1∏
i6=i4
B2i6+4



 x2n+3+λ (3.16)
By repeating this process for all higher terms of A’s, we obtain every ym(x) terms where m ≥ 4.
Substitute (3.7), (3.10), (3.13), (3.16) and including all ym(x) terms where m ≥ 4 into (3.5).
Theorem 1. The general expression of y(x) for infinite series is
y(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0

∞∑
n=0

n−1∏
i0=0
B2i0+1
 x2n+λ +
∞∑
n=0

n∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
n−1∏
i2=i0
B2i2+2

 x2n+1+λ
+
∞∑
N=2

∞∑
n=0

n∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
N−1∏
k=1

n∑
i2k=i2(k−1)
A2i2k+k
i2k−1∏
i2k+1=i2(k−1)
B2i2k+1+k+1

×
n−1∏
i2N=i2(N−1)
B2i2N+N+1


 x2n+N+λ
 (3.17)
4. Polynomial which makes Bn term terminated
Now let’s investigate the polynomial case of y(x). Assume that Bn is terminated at certain
value of n. Then each yi(x) where i = 0, 1, 2, · · · will be polynomial. Examples of these are
Heun’s equation, GCH function[4], Lame function, etc. First B2k+1 is terminated at certain value
of k. I choose eigenvalue β0 which B2k+1 is terminated where β0 = 0, 1, 2, · · · . B2k+2 is terminated
at certain value of k. I choose eigenvalue β1 which B2k+2 is terminated where β1 = 0, 1, 2, · · · .
Also B2k+3 is terminated at certain value of k. I choose eigenvalue β2 which B2k+3 is terminated
where β2 = 0, 1, 2, · · · . By repeating this process I obtain
B2βi+(i+1) = 0 where i, βi = 0, 1, 2, · · · (4.1)
In general, the two term recurrence relation for polynomial has only one eigenvalue: for example,
the Laguerre function, confluent hypergeometric function, Legendre function, etc. But three term
recurrence relation has infinite eigenvalues which are βi, where i, βi = 0, 1, 2, · · · .
First observe the term in sequence cn which does not include any An’s in (3.4): cn with even
index (c0, c2, c4,· · · ).
(a) As β0=0, then B1=0 in (3.4).
c0 (4.2)
(b) As β0=1, then B3=0 in (3.4).
c0
c2 = B1c0
(4.3)
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(c) As β0=2, then B5=0 in (3.4).
c0
c2 = B1c0
c4 = B1,3c0
(4.4)
Substitute (4.2),(4.3) and (4.4) in (3.6) putting m = 0.
y0(x) = c0
β0∑
n=0

n−1∏
i1=0
B2i1+1
 x2n+λ (4.5)
Observe the terms inside curly brackets of sequence cn which include one term of An’s in (3.8):
cn with odd index (c1, c3, c5,· · · ).
(a) As β0=0, then B1=0 in (3.8).
c1 = A0c0
c3 = A0B2c0
c5 = A0B2,4c0
c7 = A0B2,4,6c0
c9 = A0B2,4,6,8c0
...
...
(4.6)
As i=1 in (4.1),
B2β1+2 = 0 where β1 = 0, 1, 2, · · · (4.7)
Substitute (4.6) in (3.6) putting m = 1 by using (4.7).
y01(x) = c0A0
β1∑
n=0

n−1∏
i1=0
B2i1+2
 x2n+1+λ (4.8)
In (4.8) y01(x) is sub-power series, having sequences cn including one term of An’s in (3.3) as
β0=0, for the polynomial case in which makes Bn term terminated.
(b) As β0=1, then B3=0 in (3.8).
c1 = A0c0
c3 = {A0B2 · 1 + A2 · 1B1}c0
c5 = {A0B2,4 · 1 + A2B4B1}c0
c7 = {A0B2,4,6 · 1 + A2B4,6B1}c0
c9 = {A0B2,4,6,8 · 1 + A2B4,6,8B1}c0
...
...
(4.9)
The first term in curly brackets of sequence cn in (4.9) is same as (4.6). Then, its solution is equal
to (4.8). Substitute (4.7) into the second term in curly brackets of sequence cn in (4.9). Its power
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series expansion including the first and second terms in curly brackets of sequence cn in (4.9),
analytic at x = 0, is
y11(x) = c0
A0
β1∑
n=0

n−1∏
i1=0
B2i1+2
 + A2B1
β1∑
n=1

n−1∏
i1=1
B2i1+2

 x2n+1+λ (4.10)
In (4.10) y11(x) is sub-power series, having sequences cn including one term of An’s in (3.3), as
β0=1 for the polynomial case in which makes Bn term terminated.
(c) As β0=2, then B5=0 in (3.8).
c1 = A0c0
c3 = {A0B2 · 1 + A2 · 1B1}c0
c5 = {A0B2,4 · 1 + A2B4B1 + A4 · 1B1,3}c0
c7 = {A0B2,4,6 · 1 + A2B4,6B1 + A4B6B1,3}c0
c9 = {A0B2,4,6,8 · 1 + A2B4,6,8B1 + A4B6,8B1,3}c0
c11 = {A0B2,4,6,8 · 1 + A2B4,6,8B1 + A4B6,8,10B1,3}c0
...
...
(4.11)
The first and second term in curly brackets of sequence cn in (4.11) is same as (4.9). Then its
power series expansion is same as (4.10). Substitute (4.7) into the third term in curly brackets of
sequence cn in (4.11). Its power series expansion including the first, second and third terms in
curly brackets of sequence cn in (4.11), analytic at x = 0, is
y21(x) = c0
A0
β1∑
n=0

n−1∏
i1=0
B2i1+2
 + A2B1
β1∑
n=1

n−1∏
i1=1
B2i1+2

+ A4B1,3
β1∑
n=2

n−1∏
i1=2
B2i1+2

 x2n+1+λ (4.12)
In (4.12) y21(x) is sub-power series, having sequence cn including one term of An’s in (3.3) as
β0=2, for the polynomial case in which makes Bn term terminated. By repeating this process for
all β0 = 3, 4, 5, · · · , I obtain every y j1(x) terms where j ≥ 3. According to (4.8), (4.10), (4.12) and
every y j1(x) where j ≥ 3, the general expression of y1(x) for all β0 is
y1(x) = c0
β0∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
β1∑
i2=i0

i2−1∏
i3=i0
B2i3+2

 x2i2+1+λ where β0 ≤ β1 (4.13)
Observe the terms of sequence cn which include two terms of An’s in (3.11): cn with even
index (c2, c4, c6,· · · ).
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(a) As β0=0, then B1=0 in (3.11).
c2 = A0,1c0
c4 = A0{A1 · 1 · B3 · 1 + A3B2 · 1 · 1}c0
c6 = A0{A1 · 1 · B3,5 · 1 + A3B2B5 · 1 + A5B2,4 · 1 · 1}c0
c8 = A0{A1 · 1 · B3,5,7 · 1 + A3B2B5,7 · 1 + A5B2,4B7 · 1 + A7B2,4,6 · 1 · 1}c0
c10 = A0{A1 · 1 · B3,5,7,9 · 1 + A3B2B5,7,9 · 1 + A5B2,4B7,9 · 1 + A7B2,4,6B9 · 1
+A9B2,4,6,8 · 1 · 1}c0
...
...
(4.14)
(i) As β1=0, then B2=0 in (4.14).
c2 = A0,1c0
c4 = A0A1 · 1 · B3 · 1c0
c6 = A0A1 · 1 · B3,5 · 1c0
c8 = A0A1 · 1 · B3,5,7 · 1c0
c10 = A0A1 · 1 · B3,5,7,9 · 1c0
...
...
(4.15)
As i=2 in (4.1),
B2β2+3 = 0 where β2 = 0, 1, 2, · · · (4.16)
Substitute (4.15) in (3.6) putting m = 2 by using (4.16).
y0,02 (x) = c0A0A1
β2∑
n=0

n−1∏
i1=0
B2i1+3
 x2n+2+λ (4.17)
In (4.17) y0,02 (x) is sub-power series, having sequences cn including two term of An’s in (3.3) as
β0=0 and β1=0, for the polynomial case in which makes Bn term terminated.
(ii) As β1=1, then B4=0 in (4.14).
c2 = A0,1c0
c4 = A0{A1 · 1 · B3 · 1 + A3B2 · 1 · 1}c0
c6 = A0{A1 · 1 · B3,5 · 1 + A3B2B5 · 1}c0
c8 = A0{A1 · 1 · B3,5,7 · 1 + A3B2B5,7 · 1}c0
c10 = A0{A1 · 1 · B3,5,7,9 · 1 + A3B2B5,7,9 · 1}c0
...
...
(4.18)
The first term in curly brackets of sequence cn in (4.18) is same as (4.15). Then its power series
expansion is equal to (4.17). Substitute (4.16) into the second term in curly brackets of sequence
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cn in (4.18). Its power series expansion including the first and second terms in curly brackets of
sequence cn, analytic at x = 0, is
y0,12 (x) = c0A0
A1
β2∑
n=0

n−1∏
i1=0
B2i1+3
 + A3B2
β2∑
n=1

n−1∏
i1=1
B2i1+3

 x2n+2+λ (4.19)
In (4.19) y0,12 (x) is sub-power series, having sequences cn including two term of An’s in (3.3) as
β0=0 and β1=1, for the polynomial case in which makes Bn term terminated.
(iii) As β1=2, then B6=0 in (4.14).
c2 = A0,1c0
c4 = A0{A1 · 1 · B3 · 1 + A3B2 · 1 · 1}c0
c6 = A0{A1 · 1 · B3,5 · 1 + A3B2B5 · 1 + A5B2,4 · 1 · 1}c0
c8 = A0{A1 · 1 · B3,5,7 · 1 + A3B2B5,7 · 1 + A5B2,4B7 · 1}c0
c10 = A0{A1 · 1 · B3,5,7,9 · 1 + A3B2B5,7,9 · 1 + A5B2,4B7,9 · 1}c0
...
...
(4.20)
The first and second term in curly brackets of sequence cn in (4.20) is same as (4.18). Then its
power series expansion is same as (4.19). Substitute (4.16) into the third term in curly brackets
of sequence cn in (4.20). Its power series expansion including the first, second and third terms in
curly brackets of sequence cn in (4.20), analytic at x = 0, is
y0,22 (x) = c0A0
A1
β2∑
n=0

n−1∏
i1=0
B2i1+3
 + A3B2
β2∑
n=1

n−1∏
i1=1
B2i1+3

+ A5B2,4
β2∑
n=2

n−1∏
i1=2
B2i1+3

 x2n+2+λ (4.21)
In (4.21) y0,22 (x) is sub-power series, having sequences cn including two term of An’s in (3.3) as
β0=0 and β1=2, for the polynomial case in which makes Bn term terminated. By repeating this
process for all β1 = 3, 4, 5, · · · , we obtain every y0, j2 (x) terms where j ≥ 3. According to (4.17),
(4.19), (4.21) and every y0, j2 (x) where j ≥ 3, the general expression of y02(x) for the case of β0 = 0
replacing the index n by i0 is
y02(x) = c0A0
β1∑
i0=0
A2i0+1
i0−1∏
i1=0
B2i1+2
β2∑
i2=i0

i2−1∏
i3=i0
B2i3+3

 x2i2+2+λ (4.22)
In (4.22) y02(x) is sub-power series, having sequences cn including two term of An’s in (3.3) as
β0=0, for the polynomial case in which makes Bn term terminated.
12
(b) As β0=1, then B3=0 in (3.11).
c2 = A0,1c0
c4 =
{
A0
[
A1 · 1 · B3 · 1 + A3B2 · 1 · 1
]
+ A2
[
A3 · 1 · 1 · B1
]}
c0
c6 =
{
A0
[
A1 · 1 · B3,5 · 1 + A3B2B5 · 1 + A5B2,4 · 1 · 1
]
+A2
[
A3 · 1 · B5B1 + A5B4 · 1 · B1
]}
c0
c8 =
{
A0
[
A1 · 1 · B3,5,7 · 1 + A3B2B5,7 · 1 + A5B2,4B7 · 1 + A7B2,4,6 · 1 · 1
]
+A2
[
A3 · 1 · B5,7B1 + A5B4B7B1 + A7B4,6 · 1 · B1
]}
c0
c10 =
{
A0
[
A1 · 1 · B3,5,7,9 · 1 + A3B2B5,7,9 · 1 + A5B2,4B7,9 · 1
+A7B2,4,6B9 · 1 + A9B2,4,6,8 · 1 · 1
]
+A2
[
A3 · 1 · B5,7,9B1 + A5B4B7,9B1 + A7B4,6B9B1 + A9B4,6,8 · 1 · B1
]}
c0
...
...
(4.23)
The first square brackets including A0 inside curly brackets in sequence cn in (4.23) is same as
(4.14). Then its power series expansion is same as (4.22). Observe the second square brackets
including A2 inside curly brackets in sequence cn in (4.23).
(i) As β1=1, then B4=0 in the second square brackets including A2 inside curly brackets in
sequence cn in (4.23).
c4 = A2B1
{
A3 · 1 · 1
}
c0
c6 = A2B1
{
A3 · 1 · B5
}
c0
c8 = A2B1
{
A3 · 1 · B5,7
}
c0
c10 = A2B1
{
A3 · 1 · B5,7,9
}
c0
...
...
(4.24)
Its power series expansion of (4.24) by using (4.16), analytic at x = 0, is
y1,12 (x) = c0A2B1A3
β2∑
n=1

n−1∏
i1=1
B2i1+3
 x2n+2+λ (4.25)
In (4.25) y1,12 (x) is sub-power series, for the second square brackets inside curly brackets in
sequence cn including two term of An’s in (4.23) as β0=1 and β1=1, for the polynomial case in
which makes Bn term terminated.
(ii) As β1=2, then B6=0 in second square brackets inside curly brackets in sequence cn in-
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cluding A2 in (4.23).
c4 = A2B1
{
A3 · 1 · 1
}
c0
c6 = A2B1
{
A3 · 1 · B5 + A5B4 · 1
}
c0
c8 = A2B1
{
A3 · 1 · B5,7 + A5B4B7
}
c0
c10 = A2B1
{
A3 · 1 · B5,7,9 + A5B4B7,9
}
c0
...
...
(4.26)
The first term in curly brackets of sequence cn in (4.26) is same as (4.24). Then its power series
expansion is same as (4.25). Substitute (4.16) into the second term in curly brackets of sequence
cn in (4.26). Its power series expansion including the first and second terms in curly brackets of
sequence cn in (4.26), analytic at x = 0, is
y1,22 (x) = c0A2B1
A3
β2∑
n=1

n−1∏
i1=1
B2i1+3
 + A5B4
β2∑
n=2

n−1∏
i1=2
B2i1+3

 x2n+2+λ (4.27)
In (4.27) y1,22 (x) is sub-power series, for the second square brackets inside curly brackets in
sequence cn including two term of An’s in (4.23) as β0=1 and β1=2, for the polynomial case in
which makes Bn term terminated.
By using similar process as I did before, the solution for β1=3 with B8=0 for the second
square brackets inside curly brackets in sequence cn including A2 in (4.23) is
y1,32 (x) = c0A2B1
A3
β2∑
n=1

n−1∏
i1=1
B2i1+3
 + A5B4
β2∑
n=2

n−1∏
i1=2
B2i1+3

+ A7B4,6
β2∑
n=3

n−1∏
i1=3
B2i1+3

 x2n+2+λ (4.28)
By repeating this process for all β1 = 4, 5, 6, · · · , we obtain every y1, j2 (x) terms where j ≥ 4 for
the second square brackets inside curly brackets in sequence cn including two term of An’s in
(4.23). According to (4.22), (4.25), (4.27), (4.28) and every y1, j2 (x) where j ≥ 4, the general
expression of y12(x) for all β0 = 1 replacing the index n by i0 is
y12(x) = c0
A0
β1∑
i0=0
A2i0+1
i0−1∏
i1=0
B2i1+2
β2∑
i2=i0

i2−1∏
i3=i0
B2i3+3

 (4.29)
+ A2B1
β1∑
i0=1
A2i0+1
i0−1∏
i1=1
B2i1+2
β2∑
i2=i0

i2−1∏
i3=i0
B2i3+3


 x2i2+2+λ
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(c) As β0=2, then B5=0 in (3.11).
c2 = A0,1c0
c4 =
{
A0 · 1
[
A1 · 1 · B3 + A3B2 · 1
]
+ A2B1
[
A3 · 1 · 1
]}
c0
c6 =
{
A0 · 1
[
A1 · 1 · B3,5 + A3B2B5 + A5B2,4 · 1
]
+ A2B1
[
A3 · 1 · B5 + A5B4 · 1
]
+A4B1,3
[
A5 · 1 · 1
]}
c0
c8 =
{
A0 · 1
[
A1 · 1 · B3,5,7 + A3B2B5,7 · 1 + A5B2,4B7 + A7B2,4,6 · 1
]
+A2B1
[
A3 · 1 · B5,7 + A5B4B7 + A7B4,6 · 1
]
+ A4B1,3
[
A5 · 1 · B7 + A7B6 · 1
]}
c0
c10 =
{
A0 · 1
[
A1 · 1 · B3,5,7,9 + A3B2B5,7,9 + A5B2,4B7,9 + A7B2,4,6B9 + A9B2,4,6,8 · 1
]
+A2B1
[
A3 · 1 · B5,7,9 + A5B4B7,9 + A7B4,6B9 + A9B4,6,8 · 1
]
+A4B1,3
[
A5 · 1 · B7,9 + A7B6B9 + A9B6,8 · 1
]}
c0
...
...
(4.30)
By repeating similar process from the above, the general expression of y22(x) for all β0 = 2 in
(4.30) is
y22(x) = c0
A0
β1∑
i0=0
A2i0+1
i0−1∏
i1=0
B2i1+2
β2∑
i2=i0

i2−1∏
i3=i0
B2i3+3


+A2B1
β1∑
i0=1
A2i0+1
i0−1∏
i1=1
B2i1+2
β2∑
i2=i0

i2−1∏
i3=i0
B2i3+3

 (4.31)
+ A4B1,3
β1∑
i0=2
A2i0+1
i0−1∏
i1=2
B2i1+2
β2∑
i2=i0

i2−1∏
i3=i0
B2i3+3


 x2i2+2+λ
Again by repeating this process for all β0 = 3, 4, 5, · · · , I obtain every y j2(x) terms where j ≥ 3.
Then I have general expression y2(x) for all β0 of two term of An’s according (4.22), (4.29), (4.31)
and y j2(x) terms where j ≥ 3.
y2(x) = c0
β0∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
β1∑
i2=i0
A2i2+1
i2−1∏
i3=i0
B2i3+2
β2∑
i4=i2

i4−1∏
i5=i2
B2i5+3


 x2i4+2+λ
where β0 ≤ β1 ≤ β2 (4.32)
By using similar process for the previous cases of zero, one and two term of An’s, the function
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y3(x) for the case of three term of Ai’s is
y3(x) = c0
β0∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
β1∑
i2=i0
A2i2+1
i2−1∏
i3=i0
B2i3+2 (4.33)
×
β2∑
i4=i2
A2i4+2
i4−1∏
i5=i2
B2i5+3
β3∑
i6=i4

i6−1∏
i7=i4
B2i7+4



 x2i6+3+λ
where β0 ≤ β1 ≤ β2 ≤ β3
By repeating this process for all higher terms of An’s, I obtain every ym(x) terms where m > 3.
Substitute (4.5), (4.13), (4.32), (4.33) and including all ym(x) terms where m > 3 into (3.5).
Theorem 2. The general expression of y(x) for the polynomial case which makes Bn term termi-
nated in the three term recurrence relation is
y(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0

β0∑
i0=0

i0−1∏
i1=0
B2i1+1
 x2i0+λ +
β0∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
β1∑
i2=i0

i2−1∏
i3=i0
B2i3+2

 x2i2+1+λ
+
∞∑
N=2

β0∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
N−1∏
k=1

βk∑
i2k=i2(k−1)
A2i2k+k
i2k−1∏
i2k+1=i2(k−1)
B2i2k+1+k+1

×
βN∑
i2N=i2(N−1)

i2N−1∏
i2N+1=i2(N−1)
B2i2N+1+N+1


 x2i2N+N+λ
 (4.34)
On the above, βi ≤ β j only if i ≤ j where i, j, βi, β j ∈ N0
Theorem 3. For infinite series, replacing β0,β1,βk and βN by ∞ in (4.34)
y(x) = y0(x) + y1(x) + y2(x) + y3(x) + · · ·
= c0

∞∑
i0=0

i0−1∏
i1=0
B2i1+1
 x2i0+λ +
∞∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
∞∑
i2=i0

i2−1∏
i3=i0
B2i3+2

 x2i2+1+λ
+
∞∑
N=2

∞∑
i0=0
A2i0
i0−1∏
i1=0
B2i1+1
N−1∏
k=1

∞∑
i2k=i2(k−1)
A2i2k+k
i2k−1∏
i2k+1=i2(k−1)
B2i2k+1+k+1

×
∞∑
i2N=i2(N−1)

i2N−1∏
i2N+1=i2(N−1)
B2i2N+1+N+1


 x2i2N+N+λ
 (4.35)
(4.35) is exactly equivalent to (3.17). (4.35) is the another general expression of y(x) for the
infinite series.
5. Recurrence relation and Fibonacci numbers of higher order
5.1. Three term recurrence relation and Fibonacci sequence
The Fibonacci sequence is:
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, · · · (5.1)
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The numbers in the sequence follows the recursive relation
cn+1 = cn + cn−1 : n ≥ 1 (5.2)
with seed values
c0 = 1 c1 = 1 (5.3)
The power series of the generating function of the Fibonacci sequence is
∞∑
n=0
cnx
n
=
x
1 − x − x2
(5.4)
As we know, the three term recurrence relation is
cn+1 = An cn + Bn cn−1 ; n ≥ 1 (5.5)
with seed values
c1 = A0c0 (5.6)
(3.3) is the expansion of (5.5). If coefficients An = Bn = 1 in (5.5) and c0 = c1 = 1 in (5.6), then
cn follows Fibonacci sequence. Lucas series is another sequence generated by the three term
recurrence relation with constant coefficients An = Bn = 1 in (5.5) and c0 = 2, c1 = 1 in (5.6).
You can think of these two sequences having constant coefficients as the most basic three term
recurrence relation. In contrast, Heun and Mathieu equations coefficients An and Bn are defined
to be non-constant (second order polynomial in denominator and numerator: see (3), (4a)-(4c)
in Ref.[13] and (4), (5a)-(5c) in Ref.[15]) The generating function of the Fibonacci sequence
corresponds to infinite series of three term recurrence relation. If all coefficients An = Bn = 1 in
(3.17) and (4.35), then it is equivalent to (5.4).
5.2. Two term recurrence relation
There is an algebraic number sequence in which is
1, 1, 1, 1, 1, 1, · · · (5.7)
I call (5.7) the identity sequence, and it’s recurrence relation is
cn+1 = cn : n ≥ 0 (5.8)
with seed values
c0 = 1 (5.9)
The power series of the generating function of the identity sequence is
∞∑
n=0
cnx
n
=
1
1 − x
(5.10)
If Bn=0 in (5.5), then three term recurrence relation becomes a two term recurrence relation.
cn+1 = Ancn ; n ≥ 0 (5.11)
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Some examples are the Legendre function, Kummer function, hypergeometric function, Bessel
function, etc. The number of each sequence cn in (5.11) is
1, 1, 1, 1, 1, 1, · · · (5.12)
(5.12) is equivalent to (5.7). As I put An=1 in (5.11), it becomes (5.8). You can think of this
sequence having constant coefficients as the most basic two term recurrence relation. The power
series expansion of (5.11) for the infinite series is
y(x) =
∞∑
n=0
cnx
n+λ
= c0
∞∑
n=0

n−1∏
i=0
Ai
 xn+λ (5.13)
And polynomial case of (5.11) is
y(x) =
α0∑
n=0
cnx
n+λ
= c0
α0∑
n=0

n−1∏
i=0
Ai
 xn+λ (5.14)
The generating function of the identity sequence corresponds to infinite series of two term recur-
rence relation. If all coefficients An = 1 in (5.13), then it definitely equivalent to (5.10).
5.3. Four term recurrence relation and Tribonacci sequence
Now, let’s think about four term recurrence relation in ordinary differential equation. The
four term recurrence formula is
cn+1 = An cn + Bn cn−1 +Cncn−2 ; n ≥ 2 (5.15)
with seed values
c1 = A0c0 c2 = (A0A1 + B1) c0 (5.16)
And the number of each of sequence cn in (5.15) is the following way:
1, 1, 2, 4, 7, 13, 24, 44, · · · (5.17)
(5.17) is Tribonacci number, and it’s recurrence relation is
cn+1 = cn + cn−1 + cn−2 ; n ≥ 2 (5.18)
with seed values
c0 = 0 c1 = 1 c2 = 1 (5.19)
If An = Bn = Cn = 1 in (5.15), it’s exactly equivalent to Tribonacci recurrence relation. Four
term recurrence relation (non-constant coefficients An, Bn and Cn) is the more general form than
Tribonacci recurrence relation (constant coefficients An, Bn and Cn).
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5.4. Five term recurrence relation and Tetranacci sequence
And five term recurrence relation in ordinary differential equation is
cn+1 = An cn + Bn cn−1 +Cncn−2 + Dncn−3 ; n ≥ 3 (5.20)
with seed values
c1 = A0c0, c2 = (A0A1 + B1) c0, c3 = (A0A1A2 + A0B2 + A2B1 +C2) c0 (5.21)
And the number of each of sequence cn in (5.20) is the following way:
1, 1, 2, 4, 8, 15, 29, 56, 108, 208, · · · (5.22)
(5.22) is Tetranacci number, and it’s recurrence relation is
cn+1 = cn + cn−1 + cn−2 + cn−3 ; n ≥ 3 (5.23)
with seed values
c0 = 0 c1 = 1 c2 = 1 c3 = 2 (5.24)
If An = Bn = Cn = Dn = 1 in (5.20), it becomes exactly equivalent to Tetranacci recurrence rela-
tion. From the above multi-term recurrence relation is more general form than n-nacci recurrence
relation.
6. Conclusion
In this paper I show how to generalize three-term recurrence relation for polynomials and
infinite series analytically. In the next papers I will work out the analytic solution for the three
term recurrence relation such as Heun equation and its confluent form, Lame equation, Mathieu
equation. I will derive the power series expansion, the integral form and the generating function
of Heun, Mathieu, etc functions. (see section 7 for more details)
7. Series “Special functions and three-term recurrence formula (3TRF)”
This paper is 2nd out of 10.
1. “Approximative solution of the spin free Hamiltonian involving only scalar potential for
the q − q¯ system” [11] - In order to solve the spin-free Hamiltonian with light quark masses we
are led to develop a totally new kind of special function theory in mathematics that generalize all
existing theories of confluent hypergeometric types. We call it the Grand Confluent Hypergeo-
metric Function. Our new solution produces previously unknown extra hidden quantum numbers
relevant for description of supersymmetry and for generating new mass formulas.
2. “Generalization of the three-term recurrence formula and its applications” [12] - General-
ize three term recurrence relation in linear differential equation. Obtain the exact solution of the
three term recurrence relation for polynomials and infinite series.
3. “The analytic solution for the power series expansion of Heun function” [13] - Apply three
term recurrence formula to the power series expansion in closed forms of Heun function (infinite
series and polynomials) including all higher terms of Ans.
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4. “Asymptotic behavior of Heun function and its integral formalism”, [14] - Apply three
term recurrence formula, derive the integral formalism, and analyze the asymptotic behavior of
Heun function (including all higher terms of Ans).
5. “The power series expansion of Mathieu function and its integral formalism”, [15] - Apply
three term recurrence formula, analyze the power series expansion of Mathieu function and its
integral forms.
6. “Lame equation in the algebraic form” [16] - Applying three term recurrence formula,
analyze the power series expansion of Lame function in the algebraic form and its integral forms.
7. “Power series and integral forms of Lame equation in Weierstrass’s form and its asymptotic
behaviors” [17] - Applying three term recurrence formula, derive the power series expansion of
Lame function in Weierstrass’s form and its integral forms.
8. “The generating functions of Lame equation in Weierstrass’s form” [18] - Derive the
generating functions of Lame function in Weierstrass’s form (including all higher terms of An’s).
Apply integral forms of Lame functions in Weierstrass’s form.
9. “Analytic solution for grand confluent hypergeometric function” [19] - Apply three term
recurrence formula, and formulate the exact analytic solution of grand confluent hypergeometric
function (including all higher terms of An’s). Replacing µ and εω by 1 and −q, transforms the
grand confluent hypergeometric function into Biconfluent Heun function.
10. “The integral formalism and the generating function of grand confluent hypergeometric
function” [20] - Apply three term recurrence formula, and construct an integral formalism and
a generating function of grand confluent hypergeometric function (including all higher terms of
An’s).
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